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ABSTRACT 


We propose a new formulation of the space-time interpretation of the c = 1 ma¬ 
trix model. Our formulation uses the well-known leg-pole factor that relates the 
matrix model amplitudes to that of the 2-dimensional string theory, but includes 
fluctuations around the fermi vacuum on both sides of the inverted harmonic 
oscillator potential of the double-scaled model, even when the fluctuations are 
small and conhned entirely within the asymptotes in the phase plane. We argue 
that including fluctuations on both sides of the potential is essential for a consis¬ 
tent interpretation of the leg-pole transformed theory as a theory of space-time 
gravity. We reproduce the known results for the string theory tree level scatter¬ 
ing amplitudes for the tachyon in flat space and linear dilaton background as a 
special case. We show that the generic case corresponds to more general space- 
time backgrounds. In particular, we identify the parameter corresponding to the 
background metric perturbation in string theory (black hole mass) in terms of 
the matrix model variables. Possible implications of our work for a consistent 
nonperturbative dehnition of string theory as well as for quantized gravity and 
black-hole physics are discussed. 
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Figure 1: Small fluctuation of the fermi surface on only one side of the potential. 

1 Introduction and Summary 

It is well-known that the scattering amplitudes of the scalar excitation of the 
double-scaled c = 1 matrix model are not identical to the tachyon scattering 
amplitudes of 2-dimensional string theory, but are related to these by a ‘leg-pole’ 
factor |l[]. Although this leg-pole factor is a pure phase in momentum space, 
it translates into a nonlocal renormalization of the wavefunctions of the scalar 
excitation of the matrix model, and gives rise to all of space-time gravitational 
physics of the string theory [^, which is otherwise absent in the matrix model. 

The c = 1 matrix model is equivalent to a theory of nonrelativistic, noninter¬ 
acting fermions in an inverted harmonic oscillator potential in the double scaling 
limit 10. The semiclassical physics of the matrix model is, therefore, described by 
a fermi liquid theory. The existing space-time interpretation of the matrix model 
is based on small fluctuations of this fermi fluid, around the fermi vacuum, on 
only one side of the potential (Figure 1). 

It is generally believed that the other side can be ignored as long as one avoids 
the classical configurations consisting of large fluctuations in which a part of the 
fluid croses the asymptotes (Figure 2), and nonperturbative tunnelling issues 0. 

There is, however, an argument which suggests that one has to decide the fate 
of the other side of the potential even in the small-held perturbative situation 
when the two sides of the potential are entirely decoupled in the matrix model. 
The point is that string theory is a theory of gravity, and in any consistent space- 
time interpretation of the matrix model the space-time metric must couple to the 
entire energy-momentum tensor of the theory. Now, a generic perturbation of the 
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fermi fluid has fluctuations on both sides of the potential, even in the small-held 
perturbative situation, and the total energy of this conhguration has contributions 
from huctuations on both sides. The string theory metric must couple to this total 
energy , since the hamiltonian of the string theory is identical to that of the matrix 
model, unless we decide to remove the other side from the start, by modifying 
the potential. This is presnmably also the case for all the other higher conserved 
charges corresponding to the diagonal generators of hh-inhnity symmetry of the 
matrix model. Thus, we must decide on the fate of the other side of the poten¬ 
tial, for any fermi flnid conhguration, before arriving at a consistent space-time 
interpretation of the model. 

In this paper we will retain both sides of the potential and consider the generic 
sitnation in which there are hnctnations of the fermi snrface on both sides (Fignre 
3). The snmmary of onr resnlts is as follows. The nsnal leg-pole transform of the 
special conhgnrations in which the hnctnations of the fermi snrface, lying entirely 
within the asymptotes, are identical on the two sides, reprodnces the tachyon 
scattering amplitndes of 2-dimensional string theory in hat space, linear dilaton 
backgronnd. For the generic case, when the hnctnations of the fermi snrface on 
the two sides of the potential are diherent, we get additional contribntions to the 
tachyon scattering amplitndes. By comparing with early-time bnlk scattering 
amplitndes of tachyon in the ehective tachyon-graviton-dilaton held theory, we 
are able to identify two of the leading additional contribntions as dne to the 
presence of pertnrbations of the backgronnd tachyon and the metric. Ronghly 
speaking, the string theory tachyon turns ont to be the leg-pole transform of the 
‘average’ (0(t)) of the hnid hnctnations on the two sides of the potential, while 
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Figure 3: A generic initial small-field fluctuation of the fermi surface. 


the ‘difference’ A(r) is now an additional variable in the problem (see Sec. 4 
for details). Both the extra tachyon background and the metric perturbation 
vanish if A(r) = 0. The metric pertubation to the leading order has the form of 
a linearised black hole metric of mass M = (l/dvr) / dr A^(r), which is precisely 
the extra energy of the fermi fluid contributed by A(r). Besides the contribution 
attributable to additional tachyon and metric backgrounds Q there are an inhnite 
series of subleading contributions to the bulk scattering at early times in presence 
of non-zero value of A(r). Presumably these reflect the presence of perturbations 
in the background values of the other higher tensor helds of 2-dimensional string 
theory corresponding to the higher discrete states |^. 

The plan of this paper is as follows. To make this paper somewhat self- 
contained, in the next section we will review the phase space approach ia to 
the double-scaled matrix model and the collective held parametrization of the 
huid huctuations. In Sec. 3 we will discuss the leg-pole transform and recall how 
the known tachyon string amplitudes in hat space and linear dilaton background 
are obtained using this transform in the existing approach which neglects the 

®We should emphasize that any additional tachyon background of course causes curvature 
and therefore a perturbation to the metric (back reaction); it is easy to excite such metric 
perturbations in the conventional framework (ignoring fluid fluctuations on the other side) by 
simply declaring one of the pulses in a scattering experiment as ‘background’. However, such a 
metric perturbation would not constitute independent moduli. On the other hand, the metric 
perturbation that we find from the scattering amplitudes is over and above the back reaction 
(the latter is also present in our model, but is of order A'^ and is therefore subleading and 
distictly identihable). In the language of string field theory, in our framework we can tune 
vacuum expectation values of metric and tachyon independently. 
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other side of the potential. In Sec. 4 we will include both sides in the transform 
and identify the ‘average’ and ‘difference’ variables mentioned above. We will 
see that the flat space physics of the string theory is obtained in the limit in 
which the difference variable vanishes. In the generic case, additional leading 
contributions to early-time bulk scattering will be identihed. In Sec. 5 we will 
show that the above results are identical to the bulk scattering amplitudes coming 
from the effective tachyon-graviton-dilaton action in the presence of background 
tachyon and metric perturbations. The parameters of these perturbations will be 
identihed in terms of the ‘difference’ variable. In particular, we will see that the 
parameter of the background metric perturbation is precisely the contribution of 
the ‘difference’ variable to the total energy of the fermi huid huctuations. Sec. 6 
is devoted to some concluding remarks in which we will point out the implications 
of our work for a consistent nonperturbative dehnition of string theory as well as 
for quantized gravity and black-hole physics. 

2 Review of the Phase Space Formulation of the Matrix 
Model 

Here we will briehy review some aspects of the phase space formulation of the 
c = 1 matrix model that will be relevant to the discussion in the following sections. 

In the double-scaling limit, the c = 1 matrix model is mapped to a model of 
noninteracting, nonrelativistic fermions in an inverted harmonic oscillator poten¬ 
tial in one space dimension. The single-particle hamiltonian for this model 
is 

= (2.1) 

where (p, q) labels the single-particle phase space of the fermions. There is a 
convenient held theoretic description for the double-scaled model in terms of 
free nonrelativistic fermions [§]. The fermion held, which we denote by 
satishes the equation of motion 

i^t^piq,t) =+ q‘^)^p{q,t) ( 2 . 2 ) 

and its conjugate t) satishes the complex conjugate of eqn. (|2.2|) . The 
ground state of this model is the fermi vacuum obtained by hlling up to the 
energy level fi (< 0). The semiclassical limit is obtained as \fi\ —>■ oo, and in this 
limit the fermi surface is described by the hyperbola 

=h =-Ihl (2.3) 

The basic building block for this work will be the phase space density of 
fermions, which we denote by U{p,q,t). In terms of the fermi held 'ip{q,t) it is 
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defined as 
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and it satisfies the eqnation of motion 


(2.4) 


This equation can be obtained using eqn. 
tonian 

dp dq 


{dt +pdq +qdp)U{p,q,t) = 0. (2.5) 

, or by directly using the hamil- 


H = 


271 


h(p, q)U(p,q,t) 


( 2 . 6 ) 


and the equal-time commutation relation for the phase space density U{p,q,t), 
which follows from its dehnition, eqn. (|2.4|) , in terms of the underlying fermions: 

[U{p,q,t),U{p',q',t)] = -4 J U{p'',q",t) 

[exp 2i{p{q - q") + p{q - q) 

+p'{q - q')} - c.c] (2.7) 

Equation ( |2.7|) is also a version of the large symmetry algebra, W^o @] , which is 
a symmetry of the matrix model | W|. The more standard version of the generators 
of this symmetry algebra is the following: 


I %^(-p - ir(p - qruip, q, t). 


( 2 . 8 ) 


where m,n > 0. One can easily check, using eqn. (|2.5|) , that Wmn are conserved. 
They satisfy the classical algebra 


{ffyiinj ffyn'n'} p,B. — 2(^171 fl Ulfl ^]Vin+m' — l,n+n'—1- 


(2.9) 


The quantum version of this is more complicated, but can be computed using 
eqn. (PI) . 

The above phase space density formalism was hrst introduced in the present 
context in , and using this variable a bosonization of the double-scaled matrix 
model was carried out in i 0- A crucial ingredient in that bosonization is 
a quadratic constraint satished by U{p,q,t) |P. In the semiclassical limit this 
quantum constraint reduces to the simpler equation 

=K{p,q,t). (2.10) 


Moreover, one also has the constraint of hxed fermion number, which implies that 
fluctuations of the fermi surface satisfy 

=U{p,q,t)-Uo{p,q), (2.11) 
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where hlo{p,q) describes the hlled fermi vacuum. In this way we recover the 
Thomas-Fermi limit of an incompressible fermi fluid. The dynamics of the fluc¬ 
tuations 6ll{p,q,t), which satisfy eqn. (|2.11|) and another constraint because of 
eqn. (|2.10|) , resides only in the boundary of the fermi fluid (in the semiclassical 
limit that we are considering here) . 

Although one need not ever use an explicit parametrization of 6U{p,q,t), it 
will, nevertheless, be useful at times to do so. For this reason we summarize in 
the following some relevant aspects of the ‘quadratic prohle’ jH] or ‘collective 
held’ parametrization of the huctuations 6hl{p,q,t). 

In the semiclassical limit, the fermi vacuum is described by the density 


Wo(p, q) = 0 (P+(g) -p)e{p-P^ 


where 


Pi(g) = ±Po{g) = + 2f, 


( 2 . 12 ) 


(2.13) 


satisfy eqn. (|2.3|) , which describes the fermi surface hyperbola. The quadratic 
prohle or collective held description corresponds to a description of small ripples 
on the fermi surface by a density of the form 

U{p,q,t) =e{P+{q,t) -p)e{p- P-{q,t)) (2.14) 

Substituting this in eqn. (p.5|) , we get the equation of motion of P±: 

dtP±{q,t) = ^dq (q^ - P|(g,t)) . (2.15) 

This equation is clearly solved by the fermi vacuum, eqns. ( |2.12|) and ( |2.13|) . 
Fluctuations around this ground state. 


P±{q,t) - Pl{q) = v±{q,t) 

satisfy the equations of motion 

1 


3,r:±iq, t) = ^d. 


Po(q)‘n±(q,() ± ^rii(q,t) 


(2.16) 


(2.17) 


If the huctuations are so small that they never cross the asymptotes, p = ±g, 
of the hyperbola dehned by eqn. (S), then one can rewrite eqns. ( |2.17| ) in a 
form that exhibits the presence of a massless particle. This is done by introducing 
the time-of-hight variable r, dehned by 


g = =F| 2 /i |2 coshr, 0<r < cx). 


(2.18) 


where the —ve sign is appropriate for the left side {q < 0) of the potential and 
the -|-ve sign for the right side (g > 0). 
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We now introduce the new variables a = 1, 2, defined by 

fji{T,t) = Po{q{T))r]±{q,t), q < 0 (2.19) 

f]l{T,t) =-Po{q{T))ri^{q,t), q > 0 (2.20) 

The variables f]'^{T,t) describe a generic small-field fiuctuation on the two sides 
of the potential. They satisfy the equations of motion 

{dt T [{fj-{T,t)r/2P^{q{T)) 

Furthermore, one can also deduce the commutation relations 

= ±27riS‘^f^drS{T -t'), 

f]+{T,t),f]^{T,t)^ = 0, 

since we know the hamiltonian for the fluctuations 
f dp dq 


( 2 . 21 ) 


( 2 . 22 ) 


H 


flue. 


J 271 
1 r°^ 

dvr JO 


-h(p,q)SU(p,q,t) 


dr i: 


a=l,2 


ir4T,t)r+{c{pt)r+ 


{vi{T,t)y - {r.{r,t)y 


3Po^(g(r)) 


(2.23) 


Finally, the ‘fixed area’ (i.e. fixed fermion number) constraint, eqn. (p.ll|), reads 


now 


roo _p 

dr Yq [vUpt)-aT,t) 

“'0 a=l,2 


= 0 . 


(2.24) 


In the semiclassical limit, for fluctuations of the fermi surface that are entirely 
confined within the asymptotes, eqns. ( p.l9|) ~ (|2.23|) define a set of two decoupled 


massless scalar fields. Moreover, the constraint eqn. ( 2.24 ) is also satisfied if it 
is satisfied for each individual value of a. Therefore, we may consistently ignore 
fluctuations on one side of the potential within the framework of the matrix 
model. The mapping to string theory is, however, a different story, as discussed 
in the previous section and as we shall see in detail in Sec. 4. 

Before closing this section we mention that in terms of the incoming fields. 


Vlin{t + T)= Lt. Vlipt), 

t—oo 


(2.25) 


the hamiltonian, Hfiuc., and the constraint in eqn. ( |2.24| ) have the following 
simple expressions 


d-oo a=l,2 


(2.26) 
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We will use these expressions in Sec. 4. 


0 . 


(2.27) 


3 The Leg-pole Transformation to String Theory 


In this section we will discuss the leg-pole transformation of the matrix model 
to string theory within the framework that completely ignores one side of the 
potential for fluctuations which are entirely conhned within the asymptotes. This 
will set the stage for the considerations of the next section. 

It has been known for some time now that the tree-level scattering amplitudes 
for the matrix model scalar (discussed in the last section) do not exactly coincide 
with the tree-level scattering amplitudes for the tachyon in 2-dimensional string 
theory [jl[. The difference can be understood in terms of a wavefunction renor¬ 
malization and is a simple momentum-dependent phase factor for real momenta. 
In coordinate space this renormalization factor relates the Hilbert space of the 
matrix model to that of the string theory by a nonlocal transform of the states 
[Q. Denoting the tachyon field of 2-dimensional string theory by T{x,t), {x,t) 
being space-time labels, this relationship can be expressed as 




(3.1) 




r+oo 


dr f 




V-outir), 


(3.2) 


where = {t±x) and the ‘m’ and 'ouV refer, as usual, to the asymptotic helds 
obtained in the limits t —>■ —oo and t —>■ -|-cxo respectively. In both cases x is 
taken to be large positive, keeping respectively x'^ and x~ hxed. The function / 
is given by 





cr > 0 


(3.3) 


where Jq is the standard Bessel function of order zero []^ . 

That the above nonlocal transformation is essential for extracting the space- 
time physics of 2-dimensional string theory from the matrix model has only re¬ 
cently become clear P, ^ . It contains all of the space-time gravitational physics 
of the string theory, which is absent in the matrix model. Moreover, a detailed 
operator mapping from the latter to the former emerges only after the above 
nonlocal, and in general a nonlinear (in matrix model variables), transformation. 

In general, the transform, which is valid even away from the asymptotic space- 
time region of eqns. (|3.1|) and (|3.2|) , is a complicated nonlinear and nonlocal 
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combination of the matrix model scalar [113. The general mapping may be written 


as 


T{x,t) = J dp dq Gi{x;p, q)6U{p, q,t) 


+^J dp dq J dp' dq' G 2 ix-, p, q-,p', q')6l{{p, q,t)6U{p', q',t) 

+ ■■■ (3.4) 

where the dots stand for terms of higher order in 6U. The kernels Gi, G 2 , etc. 
that are necessary for T {x, t) to satisfy the tachyon /d-function equation of string 
theory and the canonical commutation relations of a scalar held in hat space, 
linear dilaton background are known [Q (upto corrections of order 

For the purposes of computing tree level tachyon scattering amplitudes only 
the asymptotic form of the kernels is relevant, since the corrections drop out at 
large +ve values of x, as argued in B O. Since in this section we are ignoring 


one side of the potential, we shall assume that 61A (p, g, t) = 0 for g > 0 and 
restrict our attention to only -ve values of g. The asymptotic form of the mapping 
is, then, given by 

T{x,t) = Jdpdqf{—qe~''')6U{p,q,t)+0{xe~‘^'''). (3.5) 


Although this equation reproduces eqns. ( |3.1| ) and ( |3.2| ) for quadratic prohles, in 
this form it is valid for any arbitrary huctuation, not necessarily of the quadratic 
prohle form. 

The scattering amplitudes may now be computed by shifting the entire t- 
dependence of Sb({p, g, t) into the argument of the function /, using the equation 
of motion 

{dt+pdq + qdp)6U{p,q,t) =0. (3.6) 

According to this equation 5U (p, g, t) = 514 (p', g', F), where (p'±g')e'^*' = (pTg)"^*. 
We use this in the integral in eqn. (^A|) to change variables from (p, g) to (p', g'), 
with t and t' as hxed parameters for the purposes of this change of variables. 
Under this change of variables the measure {dp dq) and the fermi surface, dehned 
by eqn. (|2.3| ), are invariant. Therefore, making this change of variables in eqn. 
(1^ , we get 


T{x,t)= J dp dq f{-Q{t)e ''')5l4{p, q,to) + 0{xe ^'^) 


(3.7) 


where 

Q{t) = g cosh(t — to) + p sinh(t — to) (3.8) 

The right hand side of eqn. (|3.7|) can be proved to be independent of the param¬ 
eter to, using eqn. (|3.6|) , and shows that the fermi fluid fluctuation enters eqn. 
only as a boundary condition. 
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Let us now assume that 6U{p,q,to) is of the quadratic prohle form and let 
us further use the to-independence of the r.h.s. of eqn. (ED to take fo —oo. 
Under these assumptions 5U{p, q, to) is parametrized by the single held = 

//(r) discussed in Sec. 2 (since 5U = 0 for g > 0). Using this and the formalism 
developed in Sec. 2 in eqn. (|3.7|) in the limit to —^ — oo, we get 


T{x,t) 




+ 



+ 0(xe-2^). 


(3.9) 

It is now trivial to write down expressions for the ‘in’ and ‘onf’ helds from this 
equation. We get 



dr ri(T)f 



(3.10) 




p+oo rviT) 

/ dr de f 

1—00 J 0 




1-^ e 


— T+X 


(3.11) 


The tree level scattering amplitudes may now easily be obtained by inverting eqn. 
(|3.10|) for p{t), 


r/(r) 


/ + 0O 

dx^ Tin{x^)d^f 

-oo 



(3.12) 


and substituting in Tout after expanding it in a power series in //(r). It is a simple 
exercise to check that the correct string tachyon scattering amplitudes in hat 
space, linear dilaton background are obtained in this way. 


4 Transforming fluctuations on both sides of the potential 

In the previous section we applied the leg-pole transformation to fermi surface 
huctuations only on one side of the potential, ignoring the other side. As we have 
argued in Sec. 1, this procedure is inconsistent with the space-time gravitational 
physics that one wants to extract from the matrix model, unless one considers a 
modihed potential in which one side is absent right from the start. Here we will 
consider the case in which the potential is unmodihed. In that case, therefore, we 
must include huctuations on both sides for a consistent space-time gravitational 
physics to emerge after the transformation. 

Let us, then, consider the generic case of huctuations on both sides of the 
potential (Fig. 3). As before, we will assume that the huctuations are small and 
entirely conhned within the asymptotes. 

We must now decide as to what generalization of the leg-pole transform con¬ 
sidered in the previous section (in which q was always -ve) should be taken for q 
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+ve. The symmetry between the two sides of the potential suggests that we try 
the following symmetrical leg-pole transform 


= dpdq f{2'^\q\e ^)6U{p, q,t) + 0{xe (4.1) 


where now 6u ^ 0 for both g < 0 and g > 0. 


The overall factor of and the 

V2 

extra factor of 24 in the argument of the function / relative to the expression in 
eqn. ( |3.5|) have been put there for convenience only. The appearance of |g| in the 
argument of / is suggested by the symmetry of the potential. 

We would now like to ask the question as to whether the held T {x, t) dehned 
in eqn. (|4.1|) could reproduce string theory tachyon scattering amplitudes. To 
answer this question we need the analogues of eqns. (|3.10|) and (|3.11|) of the 


previous section in the present case. To derive these we proceed exactly as before. 
The analogue of eqn. (U is 




dpdq f{2i\Q{t)\e ^)6l{{p, q,to) + 0(xe ^), 


(4.2) 


where Q(t) is given, as before, by eqn. (|3.1^). Using the to-independence of eqn. 
(^4.2|) to take the limit to —oo and assuming once again that 6U{p,q,to) has 
the quadratic prohle form on both sides of the potential, we get 


1 r+QO 

= - dr Y, 

Z J —CO _1 


rv/2f?“ (r) 


de 


a=l,2 • 


/ 




+ 0{xeY (4.3) 


where t ± a; as before and p' = v^/a. We can now write down expressions 

for the ‘m’ and ‘omT helds. They are 


Tin{x+) = ^ ^ vlini'r) ) / 


and 


1 r+oo _^ 

= 7; irY, 

^ a=l,2 • 




def 




l/^'l 


(4.4) 


(4.5) 


The form of eqns. ([4.4| ) and (E3) suggests that the matrix model vari¬ 
able whose leg-pole transform has the potential of reproducing the string theory 
physics be identihed with the combination appearing in eqn. (O), namely. 


V 2 0=12 


(4.6) 
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However, this immediately poses a problem, since the helds and 

appear individually in eqn. ([4.51) and not as the sum 0(t). To see the implication 
of this, let us introduce the other combination of and ^ 7 +jn('r), namely. 


1 

71 



- >)5-mW) = A(r). 


(4.7) 


In terms of the variables 0(r) and A(r), the Hamiltonian, eqn. 
‘hxed area’ constraint, eqn. (p.27|) , are 


(|2.26|) , and the 


Hpuc. = ^ J 


(4.8) 


and 



dr (j){T) 


0 . 


Note that there is no constraint on A(r). 

Equations ([4.4|) and (|4.5|) may now be recast into the following form 


(4.9) 



dr <KT)f 




(4.10) 


1 

Tout{x ) = X / dr 

L J —OO 


(/)(t) + A(t) 


def 



— r-\-x 


+ / def 

Jo 



— T+X 


(4.11) 


Comparing these two equations with eqns. (|3.10|) and ( |3.11| ) of the previous sec¬ 
tion, we see immediately that in the simple case of A(r) = 0 we recover the 
tree level tachyon scattering amplitudes of string theory in the background of flat 
space, linear dilaton (except for a rescaling of the string coupling, /i ^ V2fi = jJt!)- 
Thus, in the present framework these results of flat background emerge only when 

the fluctuations of the fermi surface on the two sides of the potential are identical . 

Equations (14.10|) and (|4-11|) , of course, describe the generic situation of differ¬ 
ent fluctuations on the two sides and it is natural to ask whether these equations 
have a sensible space-time interpretation for A(r) 7 ^ 0. To investigate this ques¬ 
tion, let us for now assume that A(r) is small, so that we may Taylor expand 
eqn. ( [4.11| ) around A(r) = 0. Retaining only upto the hrst nontrivial term in 
A(r), we get 

= r®(x-) + ri7(a;-) + ■ ■ ■ (4.12) 
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where 


7;2>(i-) = 


r+oo 


dr 


rH-r) 


de f 


Ih'l 




(4.13) 




r^+CXD 


^out 


2|2/i' 


dr A^(r) e 


— T-\-X 


f 


1 - 




, —T+I 


Ih'l / 

(4-14) 

and the dots in eqn. (|4.12|) indicate O(A^) terms. The ‘prime’ on the fnnction / 
in eqn. (^4.14|) denotes a derivative with respect to its argnment. The hrst term 
in the expansion is the one that gives the flat space results. It is the second term 
that we would now like to focus on. 


Notice that the second term in (^4.12|) is not zero even when dir) is set to zero . 
Since we are already committed to interpreting the transform of 0(r) as the 
string theory tachyon, we are forced to interpret this extra contribution at 0 = 0 
to Tout coming from the second term in eqn. ( [4.12| ), as a new contribution to 
the tachyon background, dynamically generated by a nonzero value of A. For 
such an interpretation to be self-consistent, however, we should And additional 
contributions to the amplitudes for the bulk scattering of tachyons coming from 
this extra contribution to the tachyon background. In eqn. ( [4.12|) there are 
indeed extra contributions to tachyon scattering amplitudes, since the additional 
A-dependent term depends on 0 also. It is these extra contributions to the 
tachyon scattering amplitudes that we would now like to study in detail. 

Let us Taylor expand ( 4.14 ) in powers of 0 and retain terms upto linear order 
only. This is because we want to focus here only on 1 —>■ 1 scattering off the 
backgrounds. 

We get. 
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(4.15) 


In what follows we will focus on the 1 —1 bulk scattering amplitudes at early 
times {x~ —>■ —cx)). We will also assume that the incoming tachyon wavefunction 
Tin{x^) is a sufficiently localized (e.g. gaussian) wavepacket concentrated at a 
very large positive value of x^. This is because it is only under this condition that 
the background created by a nonzero value of A will have a chance to develop 
before the tachyon scatters off it. Finally, we will also assume that A(r) is 

/ +0O 

dr A^(r)e“"'’’’ to be finite. 
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Now, at early times (x 
are given by 


—cxo), the first two leading contributions to 
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(4.16) 


It is the hrst term in eqn. ( [4.16| ) that we would like to interpret as a new contri¬ 
bution to the tachyon background and it is the second term in eqn. (|4.16|) that 
we would like to show contains the amplitude for scattering off this background. 

To cast the second term in eqn. ( [4.16| ) into a form from which we can simply 
read off the scattering amplitude, we need to invert eqn. (|4.10|) , using eqn. (^4.91) , 
to express 0(r) in terms of Tin{x'^). The expression for 4>{t) obtained in this way 
is identical to eqn. ( p.l2| ). 
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(4.17) 


Using this, we get 
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where in writing the last step we have used the assumption that Tin{x~^) is local¬ 
ized at a large -|-ve value of x'^ to expand the function / in a Taylor series, and 
retained only the hrst two terms. Putting all this in ( [4.16|) we hnally get 
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In the above we have used that /"(O) = 


2^2: 


71 


In the next section we will show that the second term in eqn. (|4.18|) arises 
as a result of tachyon scattering in the presence of a tachyon background given 
by the hrst term in eqn. (|4.18|) . We will also show that the last term in eqn. 
( 4.18 ) arises from tachyon scattering off a background metric, perturbed around 
flat space, and of the form given by the line element 


{dsY = (1 - Me-^Ydr - (1 + Me-^YdxY 

where the parameter M of perturbation is given by 


M = 


1 P + OO 


(4.19) 


(4.20) 


This is identical to the contribution of A(r) to the total energy of the fluctuations, 
Hfiuc., eqn. (|0|) . 


5 Effective Low-energy String Theory 

Let us now verify in detail the claims made above by a calculation in the known 
tachyon-dilaton-graviton effective held theory limit of 2-dimensional string theory 

H- 

The held equations of this ehective held theory are 

+ 2V^V,4> - 2a^Ta,T = 0, 

R + AV‘^^-A{V^Y-2{VTY-8T^ = 16, 

V^T - 2V4>VT - 4T - 2y2T2 = 0. (5.1) 

We will work in the gauge in which the dilaton is always given by its linear form 
(at least in a local neighbourhood), namely, 

<I> = -2x, 
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and the metric has the diagonal form 

= diag{gQo,gii). 

Pertnrbing aronnd the flat backgronnd 


fi'oo — 1 ~ fi'O) 9ii — “(1 + 9i)^ 


(5.2) 


and retaining only npto linear order in tachyon fluctuations and upto the hrst 
nontrivial order in the tachyon backgrounds, we get the following equations for 
the metric and tachyon fluctuations: 


dx9o + — 0) 

{dx + 4 ) 5 'i = 0 , 

dt9i = 0, 


and 


d+d_S = -\ 90 dlS - -^g,{dl + 44 - 12)5 + V2e-^^SoS, 


where we have set T = e and Sq is the tachyon background. 
The eqns. ( b.3|) have the black-hole solution 


g^ = g^ = Me 


—Ax 


(5.3) 

(5.4) 


(5.5) 


where M is a constant of integration. Using this solution in eqn. (^.4|) and 
integrating it to hrst order in the background 5o, with the boundary condition 


S{x, t) 


—00 




we get 

Sout{.x~) = e“* 5o(x",x+)5in(x+) 

Y 2 2—cxD 

/*+oo , 

——5i„(x+). (5.6) 

2 J — CO 

In this equation Sout{.x~) = u. S{x,t) and 


_ n-2x 


So{x , x"*") = 2e 


du e“ 5 o(m iX^)- 


For So given by the hrst term in eqn. ([4.18|) , we get 

5o(x-,x+) = - -f j dr A2(r)e- 

2|2/i 1 2 J-cx) 
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We thus see that eqn. ( ^.61) is identical to the last two terms of eqn. (|4.18|) , 


provided we identify S with T, So with the hrst term in eqn. ([4.18|) and M with 
M given in eqn. ( 4.20 ). This proves the claims made in the previous section. 

To end this section we mention that the full contribution (at order A^, but 
to all orders in e* ) to what we would like to identify as a perturbation to the 
tachyon background, given by the hrst term in eqn. ([4.15|) , is 




r+oo 
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+ 0(A") (5.7) 


One can easily check that it is a consistent interpretation of this contribution to 
Tout, since the term linear in 0(r) in eqn. (|4.15|) contains a contribution that 
equals the amplitude of the tachyon to scatter off this background, as calculated 
in the effective held theory above. 

We also mention here that the full contribution to the 1^1 background 
scattering of the tachyon (including all the nonleading terms in e* as well as 
for x~ —>■ —cx) and —>■ +cx) respectively), as given by the second term in 

eqn. (14.15|), is 
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We have used eqn. ( |4.18 ) in arriving at this expression. Assuming, as before, 
that Tin{x'^) is a localized wavepacket concentrated around a large positive value 
of and taking the early time limit, x~ —*• —oo, we can rewrite the above as 
a double series in and by expanding both the Bessel functions around 
the origin. The hnal result can be written in the compact form 
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(5.8) 


(5.9) 

We have omitted the m = 0 (arbitrary n) term from the sum in eqn. ( |5.8|) which, 
as we have already seen, corresponds to a perturbation of the tachyon back¬ 
ground. The m = n = 1 term is due to the metric perturbation while the other 
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terms have a structure that is consistent with their interpretation as scattering off 
backgrounds corresponding to the higher discrete states of 2-dimensional string 
theory. Unfortunately we do not have an effective theory to guide us here. But 
perhaps one could turn this situation around and use eqn. (|5.8|) to learn some¬ 
thing about such a theory. However, we shall not pursue this interesting problem 
here any further. 


6 Quantum gravity, Black hole physics and Nonperturba- 
tive String Theory 

Our discussion has so far been classical. By quantizing ^(r) in the standard 
manner, and treating A(r) as a classical variable, we can convert our classical 
statements into statements about tree level scattering amplitudes in string theory 
in the presence of space-time background helds. As long as the fermi surface 
fluctuations are conhned within the asymptotes and the string coupling is small 
(so that tunnelling amplitudes are supressed), the two sides of the matrix model 
potential are decoupled from each other and so are the helds 0(r) and A(r). It 
is then consistent to quantize 0(r) while treating A(r) as a classical variable. If 
the string coupling is large, however, there will be appreciable tunnelling from 
one side of the potential to the other. In that case we can no longer treat the 
two sides of the potential as decoupled from each other and so we must quantize 
the entire system. Thus, the backgrounds are dynamical helds and there are 
really no parameters in the theory, as is expected in a string theory. (Note that 
even the string coupling, is not a parameter in this model since it can 

be absorbed into the constant part of the dilaton by shifting x.) In particular, 
this means that we must quantize the background geometry. It is satisfying that 
this scenario emerges in the present framework since one does indeed expect the 
classical picture of space-time geometry to break down in strong coupling string 
theory. It is to be hoped that the results of this work, together with the full 
power of the nonperturbative solution of the c = 1 matrix model, will give us a 
concrete handle on this question. 

The picture of two decoupled sides of the potential breaks down even for small 
values of the string coupling, when one is considering certain special fermi fluid 
conhgurations. These are the conhgurations in which part of the fluid crosses the 
asymptotes (Figure 2). This is because for such conhgurations some of the huid 
eventually goes across to the other side. In the framework in which one side of 
the potential is completely ignored in the leg-pole transform, such conhgurations 
lead to a nonperturbative consistency problem 0 , basically because some of the 
huid is lost to the other side. In the framework considered in the present paper, in 
which both sides of the potential are always taken into account, no huid can ever 
get lost. Thus the problem as posed in does not occur here. Nevertheless, it 
does not follow that there is no problem for such conhgurations, and we need to 
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establish the consistency of onr framework for snch conhgnrations. This sitnation 
is made complicated by the fact that there is a dynamical rearrangement of 
the flnid between the two sides, and so it is not clear that it is consistent to 
treat 0(r) qnantnm mechanically while A(r) is treated classically. It is, in fact, 
qnite conceivable that snch conhgnrations are accompanied by a change of the 
backgronnd helds and, in particnlar, of the backgronnd geometry, from the given 
initial state to some other hnal state. If this is trne, then we wonld have discovered 
a way of dynamically changing backgronnds in onr framework. It is possible, 
then, to eventnally hope to get a handle on the formation and evaporation of 
a black-hole in this exactly solvable model. Althongh we are far from realizing 
this at the moment, we are enconraged by the fact that onr framework contains 
both the backgronnd metric pertnrbation as well as some as yet little nnderstood 
large-held classical sitnations. 

Finally, we wonld like to end with the following remark. The presence of 
backgronnd pertnrbations corresponding to the discrete states of 2-dimensional 
string theory, in the framework which retains both sides of the potential and 
treats them consistently, is a strong indication that a consistent nonpertnrbative 
dehnition of 2-dimensional string theory mnst inclnde both sides of the potential. 
To nse the fnll nonpertnrbative power of the matrix model to address some of 
the basic qnestions of string theory and qnantnm gravity, it is clearly of ntmost 
importance to discover this nonpertnrbative formnlation of the string theory in 
terms of the matrix model. 
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